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Abstract—Misclassification minimization is an important and
interesting topic in classification problem. Obviously, exploring
the solution for this topic will benefit to many real life problems,
such as credit card clients classification. This paper focuses
on misclassification minimization based on multiple criteria
linear programming (MCLP), proposing two different schemes
to minimize the number of misclassified points in original
MCLP. Especially, the complementarity is used to construct the
first scheme and linear approximation technique is applied to
solve it. Furthermore, successive linearization algorithm (SLA)
is employed to achieve minimization the second scheme. Finally,
numerical experiment tests the effect of this idea.

Keywords—Misclassification minimization, multiple criteria lin-
ear programming, linear approximation, successive linearization
algorithm.

I. INTRODUCTION

Recently, optimization based data mining methods has been
greatly developed for various kinds of real life applications.
Especially in many financial problems, such as credit card
clients classification problem, optimization based methods
show a distinct superiority in result explanation and suspi-
cious client detection [1], [2]. There are many optimization
based classification methods, including support vector machine
(SVM). Especially, knowledge based SVM has obtained a
good result in complicated classification problems [3], [4].
Among various optimization based methods, multiple criteria
linear programming (MCLP), which is firstly posed in [5],
is widely used in many fields, for example, credit scoring
[9]. Besides, in [5], multiple criteria and multiple constraint
levels linear programming (MC2LP) has been also posed,
which can deal with multiple resource levels. By using this
model, [7] developed a MC2LP based classification algorithm
for credit scoring. However, this kind of algorithm was domain
knowledge needed. Particularly, an interval corresponding to
multiple constraint levels should be determined in advance. In
addition, as it was discussed in [2], the interval was not full
utilized, which led to poor performance. At the same time, [2]
proposed a new MC2LP based model. Taking advantage of
multiple constraint levels, this new model could control and
correct two types of classification error to a certain extent.

In a typical card clients classification problem, how to
control the misclassified cases for both classes is a key issue.
After defining ”Bad” client according to his/her bankrupt
record or credit card fraud history, on one hand, the credit
card company wants to avoid to issue credit card to the latent
”Bad” ones, which will definitely cause huge loss. On the other
hand, in order to expand the business, the credit card company
is always prone to issue as many credit card as possible [2]. As
a result, risk control is needed. The MC2LP based classification
model introduced in [2] was a brand new model that could deal
with two types of error differently and flexibly, according to
actual demand. In other words, it offered a systemical way to
control two types of error, i.e. to reduce a certain type of error
as well as keeping the other type of error above a certain level.
This statistical idea realized a reasonable tradeoff between two
types of error.

Nevertheless, based on the consideration of computation,
it is easy to find out that MC2LP based method has a higher
computation complexity than MCLP based method, about
twice in complexity. Besides, the determination of constraint
interval needs special strategy, which result in inconvenient
of related algorithm implementation. Additionally, no previous
work focuses on error control in MCLP based method. This
paper attempts to emerge an MCLP based error controlling
method in classification. In this way, computation complexity
and classification errors can be reduced simultaneously.

Particularly, this paper will give two schemes on this topic
and implement related error reduction algorithm. The first
scheme takes advantage of the complementarity of original
MCLP under some certain tradeoff choosing between two
objective function [2]. In this way, a nonlinear objective
function will be attained. A linear approximation method will
be applied to solve this problem. The second scheme will add
the number of misclassification points into objective directly.
Then, based on some smoothing technique, we will show the
equality between different models. At last, a local linearization
algorithm will be employed to obtain the solution in finite
steps.

The remainder of this paper is organized as follows. In sec-
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tion II, background of the problem will be stated thoroughly,
including MCLP, complementarity lemma and misclassifica-
tion minimization problem. Then, two schemes of improved
MCLP based misclassification minimization models will be
introduced and discussed in section III and IV. In order to
show the correctness of promoted models, we will give the
data experiment result in section V. Finally, in section VI, we
will conclude the result and refer future work.

II. PROBLEM DESCRIPTION AND FUNDAMENTAL LEMMA

In this section, a typical description for classification prob-
lem is given. Besides, we will offer a fundamental lemma of
original MCLP model, which is also the foundation of the
following revised MCLP based classification method. Also,
the concept of misclassification minimization problem will be
introduced and the corresponding optimization problem will
be proposed and discussed.

A. Problem Description

In a binary classification problem, let’s assume the data set
is AAA, which is an l × n matrix. In other words, there are l
records, n attributes for every single one. At the same time,
every element of l× 1 vector yyy indicates the class (+1 or -1),
which the corresponding record belongs to.

Next, a matrix representation of original MCLP classifica-
tion model [8], [9] is shown as follows [2]:

min
XXX,ααα,βββ

(λ1, λ2)

(
eeeT 000

000 −eeeT
)(

ααα

βββ

)

s.t. ( AAA YYY −YYY )

⎛
⎜⎝

XXX

ααα

βββ

⎞
⎟⎠ = beee,

(ααα,βββ)T ≥ 000.

(1)

Here, eee is a column vector with 1 as all the elements, XXX
is the weight vector of the classification hyperplane and is
unrestricted. b is unrestraint as a cutoff. The l × l diagonal
matrix YYY = {yii} is defined by yii = yi, yi ∈ yyy. Then, ααα and
βββ represent internal and external deviations respectively.

Solving the above programming problem, we obtain the
normal vector XXX of decision hyperplane. Then, the decision
hyperplane can be expressed as aaaTXXX = 1.

B. Fundamental Lemma

Using the matrix representation above, the complementar-
ity lemma of original MCLP can be stated as follows [1]:

Lemma II.1. Let’s assume that λ1 > λ2 and (X∗X∗X∗,α∗α∗α∗,β∗β∗β∗) is a
solution of the original MCLP model above. Then, α∗α∗α∗Tβ∗β∗β∗ = 0
holds.

This lemma guarantees the correctness of the intuitive
relationship between internal and external deviations. That
is to say, when the tradeoff vector between multiple criteria
satisfies certain condition, i.e. λ1 > λ2, complementarity of
two different kinds of deviations holds.

Besides, in a view of space analytic geometry, α∗α∗α∗Tβ∗β∗β∗ = 0
means the orthogonality between external deviation vector and
internal deviation vector.

C. Misclassification Minimization

In this part, we simplify the scalar product between vector
xxx and vector yyy as xyxyxy. Here, we introduce the concept of
misclassification minimization problem in optimization based
classification. Firstly, [13] gave an universal definition of mis-
classification minimization problem, which can be expressed
below.

Definition II.1 (Misclassification Minimization Problem).
Given two finite point sets AAA and BBB in the n-dimensional
real space R

n, construct a plane that minimizes the number of
points of AAA falling in one of the closed halfspaces determined
by the plane and the number of points of BBB falling in the other
closed halfspace.

Remark II.1. This definition is equal to maximize the number
of points of AAA and BBB in different closed halfspace determined
by the plane, which is to guarantee the maximum number of
well-classified points.

Then, in order to measure the number of misclassification
points, we introduce a mapping as follows:

(·)∗ : ααα = (α1, α2, · · · , αl)
T → α∗α∗α∗ = (α∗1, α∗2, · · · , α∗l)T ,

(2)
where

α∗i =
{

1, when αi > 0;

0, else.
(3)

Case 1 (Linear Separable). Suppose that wxwxwx = γ is the plane
obtained by some classification algorithm, and AAA, BBB are two
data matrices representing two groups of data points. As a
result, misclassification minimization problem can be presented
as follows:

eee(−AwAwAw + eeeγ + eee)∗ + eee(BwBwBw − eeeγ − eee)∗ = 0. (4)

Case 2 (Linear Inseparable). In this case, the goal function
of misclassification minimization problem can be rewritten as
follows:

min
www,γ

eee(−AwAwAw + eeeγ + eee)∗ + eee(BwBwBw − eeeγ − eee)∗. (5)

For universality, we can state this kind of problem in (6).

min
www,γ,yyy,zzz

ey∗ey∗ey∗ + ez∗ez∗ez∗
s.t. yyy � −AwAwAw + eeeγ + eee,yyy � 0,

zzz � BwBwBw − eeeγ − eee,zzz � 0.

(6)

Furthermore, [13] proved that the solution of (6) achieved
the optimization of (5). Also, it guaranteed the existence of
the solution of (6).

III. THE FIRST SCHEME

In the previous work on original MCLP based classification
models, the number of the misclassified points were not
minimized directly. A similar measure, the sum of external de-
viations, were minimized, instead of focusing on the accuracy.
Based on this situation, objective function, which represents
the accuracy, can be add into the model, in order to satisfy the
demand of error control.

89



Let’s assume that there is no point locating on the classifi-
cation hyperplane exactly, which leads to the definition of the
vector below:

θθθ =
1

ααα+ e−βββ
= (

1

α1 + e−β1
+

1

α2 + e−β2
+ · · ·+ 1

αl + e−βl
)T .

(7)

Thus, when the deviations meet the complementarity prop-
erty, the inner product satisfies θθθTααα = N −∑

1
αi+1 . Here,

N represents the number of misclassified points, which is
exactly what should be reduced. Therefore, a classification
model depending on MCLP can be resulted as follows:

min eeeTααα

min θθθTααα

max eeeTβββ

s.t. AiXAiXAiX = b+ αi − βi, AiAiAi ∈ Bad,

AiXAiXAiX = b− αi + βi, AiAiAi ∈ Good,

αi, βi ≥ 0, i = 1, 2, · · · , l.

(8)

Here, XXX is the weight vector of the classification hyperplane
and is unrestricted. Moreover, b is given in advance. Note that
because there is one more criterion in the objective functions,
comparing with the original MCLP model, Lemma II.1 cannot
be applied to show the complementarity of this model directly.
As a result, a stronger lemma is employed to discuss this
problem [9].

Lemma III.1. Let y+y+y+ and y−y−y− be vectors of Rp. Then consider
the following problem:

(GP ′) min g(y+y+y+, y−y−y−)

s.t. f(xxx) + y+y+y+ − y−y−y− = fff,

y+y+y+, y−y−y− ≥ 000,

xxx ∈ X.

(9)

Suppose that the function g is monotonically increasing
with respect to elements of y+y+y+ and y−y−y− and strictly monoton-
ically increasing with respect to at least either y+i or y−i for
each i (1 ≤ i ≤ p). Then, the solution ŷ+̂y+̂y+ and ŷ−̂y−̂y− to the
preceding problem satisfy

ŷ+iŷ
−
i = 0, i = 1, 2, · · · , p.

According to Lemma III.1, let’s assume the tradeoff vector
of the multiple criteria is λλλ = (λ1, λ2, λ3). Then, we can
conclude the result in the following theorem [2].

Theorem III.1. (The Complementarity Theorem) Let’s as-
sume that λ1 > λ3 and (X∗X∗X∗,α∗α∗α∗,β∗β∗β∗) is a solution of model
(8). Then, α∗α∗α∗T · β∗β∗β∗ = 0.

Remark III.1. When the tradeoff vector satisfies λ1 > λ3, the
objective function

g(ααα,βββ) = λ1eee
Tααα− λ3eee

Tβββ + λ2θθθ
Tααα

is a strictly monotonically increasing function with respect to
ααα and βββ. On the basis of Lemma III.1, the complementarity
property holds.

In this case, (8) can be transformed into the following
system by keeping the compromise parameter λλλ = (λ1, λ2, λ3)

satisfying λ1 > λ3.

g(ααα,βββ) = λ1

l∑
i=1

αi − λ3

l∑
i=1

βi + λ2

l∑
i=1

αi

αi+1

s.t. AiXAiXAiX = b+ αi − βi, AiAiAi ∈ Bad,

AiXAiXAiX = b− αi + βi, AiAiAi ∈ Good,

αi, βi ≥ 0, i = 1, 2, · · · , l.

(10)

However, there is only one challenge in solving this prob-
lem, which is the second objective function in (8) is nonlinear.
Linear approximation method can be used to overcome this
problem [10], [11]. Here, we introduce a typical method to
handle this kind of nonlinear programming problem.

Firstly, for a real life classification problem, by using
original MCLP model, the external deviation vector ααα can
be obtained. Consequently, ααα offers an estimate for the ”grey
zone”, where misclassified points locate. Secondly, in (10),
the continuity of g(ααα,βββ) is obvious. According to the analysis
above, we can assume that the external deviation of each point
in model (10) is no more than twice that of original MCLP
model. In this case, let ααα be the external deviation vector
corresponding to original MCLP model, then ᾱ̄ᾱα is the one of
model (10). we have:

0 ≤ ᾱi ≤ 2αi, 0 ≤ i ≤ l.

Next, divide the interval [0, 2αi] into 10 equal lengths,
denoted by αi1, αi2, · · · , αi10.

Now, we can transform model (10) into the following
model.

min
XXX,βββ,hhh

h(ααα,βββ) = λ1

l∑
i=1

10∑
j=1

hijαij − λ3

l∑
i=1

βi

+ λ2

l∑
i=1

10∑
j=1

hij
αij

αij + 1

s.t. AiXAiXAiX = b+
10∑
j=1

hijαij − βi, AiAiAi ∈ Bad,

AiXAiXAiX = b−
10∑
j=1

hijαij + βi, AiAiAi ∈ Good,

10∑
j=1

hij = 1, i = 1, 2, · · · , l.
βi ≥ 0, i = 1, 2, · · · , l.

(11)

In this way, we successfully transform nonlinear program-
ming problem (10) into linear programming problem (11),
which can be solved by simplex method.

IV. THE SECOND SCHEME

The second criterion of the first scheme is a non-linear
function of ααα and βββ. In addition, it can estimate the number of
misclassification points only when λ1 > λ3. Thus, an MCLP
based classification model with fewer beforehand conditions
needs to be built. Consequently, eeeTα∗α∗α∗ is equal to the number
of misclassified points. Then, we add it into the objective func-
tions. Let λλλ = (λ1, λ2, λ3) be the compromising parameter.
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The former MCLP model can be developed into the following
model:

min
ααα,βββ,XXX,b

λ1eee
Tααα− λ2eee

Tβββ + λ3eee
Tα∗α∗α∗

s.t. AiXAiXAiX = b+ αi − βi, AiAiAi ∈ Bad,

AiXAiXAiX = b− αi + βi, AiAiAi ∈ Good,

αi, βi � 0, i = 1, 2, ..., l.

(12)

Here, |ααα| = (|α1|, |α2|, · · · , |αl|)T .

A. Smoothing Technique

Now, let’s discuss the smoothing of the above mapping.
[12] researched this issue. Their result to the second scheme
can be applied as follows. First, a parameter ε is introduced.
It is clear that when ε is a big enough positive number, the
following equation holds:

α∗i ≈ t(αi, ε) = 1− exp(−εαi), i = 1, 2, · · · , l, ∀αi ∈ [0,∞).
(13)

As a result, by fixing the compromising parameter λλλ =
(λ1, λ2, λ3), the model above can be converted to an error
correcting classification model as follows:

min
ααα,βββ,XXX,b

λ1eee
Tααα− λ2eee

Tβββ + λ3eee
T (eee− exp(−εααα))

s.t. AiXAiXAiX = b+ αi − βi, AiAiAi ∈ Bad,

AiXAiXAiX = b− αi + βi, AiAiAi ∈ Good,

αi, βi � 0, i = 1, 2, · · · , l.

(14)

Firstly, the existence of solution of concave problem (14)
can be guaranteed by Corollary 32.3.3 in [16]. Secondly, the
following theorem shows that: for some certain sequence εi,
nondecreasing and converging to positive infinity, there is at
least one vertex, which solves (12) and the sequencing models
of (14) simultaneously [12].

Theorem IV.1. Let f : R
k → R be bounded below on

the polyhedral set S that contains no straight lines going to
infinity in both directions, let f be concave on R

k. Then for
a sufficiently large positive but finite value ε0 of ε the smooth
problem (14) has a vertex solution that also solves the original
non-smooth problem (12).

Remark IV.1. Here, the key point is the number of vertices
is assumed to be finite, which leads to repeatedly solving
this problem on some vertices. That is to say, we can choose
at least one vertex, which is the solution corresponding to a
set of parameters, namely (ε1, ε2, ...) ↑ ∞, i.e. monotonically
increasing to positive infinity.

According to the discussion above, for a finite and big
enough value of ε the smooth problem (14) generates an
exact solution of the non-smooth problem (12). Then, note
that problem (14) is a minimization of a concave objective
function over a polyhedral set, which is difficult to find a
global solution. However, [13], [14] posed a fast successive
linearization algorithm (SLA) which terminated finitely at a
stationary point which satisfied the minimum principle neces-
sary optimality condition for problem (14). As a result, we can
employ this method and lead to obtain a sparse ααα with good
generalization properties, especially in error correcting.

B. Successive Linearization Algorithm (SLA)

In this part, SLA, which is essentially a Frank-Wolfe
algorithm [17] without a stepsize, will be introduced. This
algorithm can solve a typical concave problem in finite steps.
In other words, the iteration stops finitely. Particularly, a con-
cave programming on a polyhedron can be stated in following
system.

min
xxx
{f(xxx)|AxAxAx � bbb,xxx � 0}. (15)

Here, f(xxx) is a differentiable concave function, bounded below
on the nonempty polyhedral feasible region of (15).

To solve the system above, linear searching is applied.
Then, SLA can be described below.

Start with a random x0x0x0 ∈ R
n. Having xixixi determine xi+1xi+1xi+1 as

follows:

xi+1xi+1xi+1 ∈ arg vertexmin
xxx∈X

�f(xixixi)(xxx− xixixi),

X = {AxAxAx � bbb,xxx � 000}.

Remark IV.2. There are two remarks need to be stated:

(1) The sign arg vertexmin
xxx∈X

f(xxx) denotes the set of vertex

minimizers of f(xxx) on the polyhedral set X .

(2) SLA can stop in finite steps of iteration [13], [14].
In other words, after finite steps, SLA can find a point xlxlxl,
which satisfies the minimum principle necessary optimality
conditions:

�f(xlxlxl)(xxx− xlxlxl) � 0,xxx ∈ X.

V. EXPERIMENT

In this section, MCLP based misclassification minimization
model will be solved by SLA on publicly UCI databases
[18]. Here, three data sets are chosen to test our algorithm,
including balance and unbalance data sets. Particularly, we
will compare original MCLP and misclassification minimiza-
tion model based on MCLP (MMMCLP) in the number of
misclassified points. Here, ε = 10 is fixed for (14). Besides,
λλλ = (0.5, 0.3, 0.2). In TABLE I, each data set, 10 fold cross
validation is applied and the results are all the average values.
In addition, average iteration times are displayed.

TABLE I. A COMPARISON OF SLA FOR THE SMOOTH

MISCLASSIFICATION MINIZATION BASED ON MCLP TO ORIGINAL MCLP

Data Set
Accuracy

Number of Iteration
Original MCLP MMMCLP

Iris
90% 93.5%

5.8

Vertebral Column
86.8% 89.1%

6.5

German Credit Card
87.5% 90.2%

4.2

As we can see in TABLE I, by appropriate parameter
choosing, the smooth of misclassification minimization based
on MCLP has higher accuracies in all three data sets. The
number of iteration is finite and within 10, which means SLA
has a good efficiency in solving concave function minimization
on a polyhedron.
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VI. CONCLUSION

This paper successfully constructed two different schemes
on misclassification minimization in MCLP based classifica-
tion. For the first scheme, complementarity of original MCLP
was employed to build a nonlinear programming problem. An
item, which estimated the number of misclassified points, was
included in the objective function. Then, linear approximation
for nonlinear programming was applied in order to find the
solution by simplex method. For the second scheme, taking ad-
vantage of a non-smooth mapping, the number of misclassified
points was also included in the objective function. Then, based
on smoothing of indicative function, an equivalent problem
with minimizing differentiable concave goal function on a
polyhedron was built. Successive linearization algorithm was
applied to this new programming and the effect was notable,
according to the numerical experiment result.

The models in this paper are solved without parameter se-
lection. In the further work, a parameter selection strategy will
be studied and more details of application will be discussed.
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